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SUMMARY

FRICTION‘

Rayleigh’sproblemfora compressibleviscousgas,subjectto slip
atthewall.,is considered.Expressionsforslipvelocityandskin
frictionarederivedwiththegastemperatureatthewallandtheproduct
of viscositytimesdensityassumedconstant,ornearlyso. Thesolution
isrelatedto thatfortheflowpasta flatplateby a transformation
which,inthecontinuumregime,resultsinexactagreementwiththe
expressionforlsminarskinfrictionobtainedby ChapmanandRubesin.The
expressionsforlocalskinfrictionareconsideredto-definetheextentof
thecontinuumregimeandto estimatetheeffectof slipintheborder
regimebetweencontinuumandslipflow.An estimatedupperlimitforthe
over-alJdragof a flatplateintheslipflowregimeiSalsoobtained.

Fortheentirerangefhm free-moleculeflowto continuumflow;the
parsmetergoverningskinfriction(expressedintheform fiM%f*) WM

foundtobe ~/fi M* (whereCf%,y,Re*,and M* arethelocal
skin-frictioncoefficient,theratioof specifieheats,Reynoldsnumber,
andMachnumber,respectively,allbasedbn gaspropertiesatthewall).
Continuumtheoryforlocalskl.nfrictionwasfoundto agreewiththe
expressionsforskinfrictiondevelopedhereintowithin1 percentfor
J=!/+@ ~eatert- s”z=d~~t~s per’entfor +=1+*
greaterthan2.4.

INTRODUCTION

Fluldmechanicscanbe classified,as indicatedinreference1,into
continuum,slip,intermediate,andfree-moleculeflowregimes.Inthe
continuumregimethemeshfreepathof thefluidmoleculesisnegligible
com~ed withbodydimensions,and”theconventionalequationsofmotion
apply.Whenthemeanfreepathis small,butnotnegligible,compmed
withbodydimensionsorboundary-layerthickness,thefluidin contact
withthebodysurfacehasa nonzentangentialvelocityrelativetothe
Stiacej thisflowregimeis consequentlytermeda slipflow.A free-
moleculeflowisonewhereinthemeanfreepathisverylargecompared
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2 NAOATN 2609 .

withbodytie&ions sothatthechancesforcollisionofmolecules
amongthemselvesaremuchsmallerthanthechancesforco133.sionof
moleculeswiththebodysurface.Intermediatebetweenthefree-molecule
andslipflbwregimes,collisionsbetweenmoleculesandcollisionsof
themoleculeswiththewallhavethesameorderofprobability.

Thebasicparameterdefiningtheseregimesistheratioof the
xmlecularmeanfreepath Z tothesmallestsignificantphysical
dimensioncharacterizingtheflow.Inthecaseof a flatplate,the
smallestsignificantphysicaldimensionmaybe taken,forsufficiently
largeReynoldsnunibers,astheboundary-layerthiclmessb. Theratio .
2/5 is showninreference1 tobe oforderM/@, where M is the
free-stream~ch nuniberand Re istheReynoldsnumberbasedon distance
alou thed-ate.When,forsimplicity,M/a is consideredasthe
basic?=’=eter(res=~e$= of
be estimatedas

()~<2!E<. M

Reynol=n=ber),

Continuum

100 Slipflow

theflowregimesmay

flow

1 ~termediateflow

0.1 F?ee-molectieflow

(Thedefinitionsoftheintermed3.ateandfree-moleculeflowregimes
differ,forsmallRemolu n~bers,fromthosep?oposedby Tsienin
reference1, sinceplatelength,ratherthan 5,wasconsideredin
reference1 tobe thesignificantphysicaldimensioninthese-tworegimes.)

Inthecontinuumregimetheconventionalmomentumandenergyequa-
tionsapply.However,intheslipflowregimeadditionaltermsmustbe
incorporatedintotheequations.Althoughthesetermsincreasethe
orderof thedifferential.equations,ithasbeenshownby Schaniberg,
ina CaliforniaInstituteof Technolo~thesis,thattheydonotincrease-
thenuinberofboundaryconditionsrequired,nordotheyradicallychange
theflow’fromthatencounteredinthecontinuumregime.Thus,inthe
borderregionbetweencontinuqandslipflow,itmightbe expectedthat
theseadditionaltermsarenegligibleandthata firstapproximation
fortheeffectof slipmaybe obtainedby solvingtheconventional
equationsofmotionstijectto slipboundaryconditions.I?eglection
of thesetermswould,attheleast,be thefirststepinan iteration
procedureforsolvingthecompleteequationsofmotionforslipflow.

L——... —..- -– —— -— .— _—._. .—c —. —. —--= ..- -.
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Inthepresentrepwt,Rayleigh’sproblemlfora compressiblegas
is consideredutilizingtheconventionalequationsofmotionwith+ip
boundaryconditions.Theno-slipcasehasbeendiscussedinreferences2
and3. Rayleigh’sproblemisof interestbecauseitisa relatively
simpleboundaty-layer-typeflowandmaybe consideredas a modelindi-
eatingtheessentialfeaturesof thesJ_ipeffect.An estimateof skin
frictionon a semi-infiniteflatplate,unders~p flowconditions,is“
thenobtainedbyrelatingtimeintheRayleighproblemto distance
downstreamof theplateleatingedge. Thetransformationfromtimeto
distanceastheindependentvariablecan%e so chosenastoyieldan
expressionforskinfrictionwhichis in,exactagreement,inthecon-
tinuumregime,witha knownsolution(reference4)of theflat-plate
boundary-layerequations.ThematchingofRayleigh’sproblemwiththe
flowpasta plateis similar,inprinciple,to theuseof “modified”
Oseenequationsofmotionfortheflowpasttheplate,as discussed
inreference5..

Inreference6,thesolutionofRayleigh’sproblem,withslip,
forthecaseof an incompressiblefluidisobtainedbySchaaf.The
effectof compressibility,whichistreatedherein;isim~rtant,since
theparameter-@/M indicatesthatslipmaybe introducedbyhigh
flightMachnumbersaswellaslowReynoldsnumbers.14ueover,in
relatingRayleigh’sproblemto theflowpasta plate,Schaafdidnot
attempttomatchthesolutionwiththeflat-platesolutioninthe
continuumregime.2~is retching)whichis.imposedherein,isessential,
sincetheuseof theconventionalequationsofmotionwithslipboundary
conditionsis consideredjustifiablechieflyasanasymptoticextrapola-
tionfromthecontinuumregimeintotheborderregimebetweencontinuum
andSlip flow.

.

ANALYSIS

Theslipflowboundaryeanditionis discussed,afterwhichan
approximate’solutiontoRayleigh’sproblemisobtained.Finally,the
solutiontoRayleigh’sproblemisrelatedto compressibleslipflow
pasta plate.

SlipFIQW Boundary Condition

Considerflowalonga walJwhere x isdistancealongthewa~,
y isdistmcenormaltothewall.,andthefluidvelocitiesu and v
areparallelandnormaltothewall,respectively.AccordingtoMaxwellts

:-

lRayleigh’sproblemconsistsindeterminingtheflowfieldwhenan
infiniteplate,immersedina viscousfluid,isinstantaneouslysetinto
motionandmaintains!a-”co@aptv-elocity’thereafter.. .

Z~ter ~ompletionof ttisre~rt,itwasnotedthat~ reference7)
thesolutiontoRayleigh’sproblemforincompressibleflowisproperly
matchedto theBlasiussolutioninthecontinuumregime.

-..— --- . ___ —.——-. ———.— ._.__. ._.__—_ ..—-..—. .— —. —-



4 NACATN 2609
I .

theoryof slip(reference8),thevelocityatthewallintheslipflow
regimemaybe expressedintheform m

where Z isthemeanfreepath,c isa numberbetween0.491and0.499, .
and f isthefractionofthetangentialmomentumlost,on impact,by
themoleculesimpingingonthewall. Fortiffusereflection(thatis,
themoleculesreboundingfrom
equals1. Experimentally,f
1.00withthemajotityof the
assumptionsthat f = 1 and

thewaldhaveno preferreddirection),f
hasbeenfoundtovarybetween0.79and
valuescloseto1.00. Thus,withthe
c = 1/2,equation(1}becomes

It isapparent
meanfreepath

()%=2$ -
w

thatslip occursonlywhen Z isnotnegQ@ble. The
atthewaKlmaybewritten(reference1)

z f
3-CTVw——

‘2%

(2)

(3)

wheretheadditionalsymbolsaredefinedinappendixA.

Rayleigh’sProblemforCompressibleViscousGas

Rayleigh’sproblemconsistsinfindingtheflowfieldinducedwhen
an infinitefht plate,immersedina viscousmedium,isinstantaneously
setintomotioninitsownplaneandismaintainedat constantvelocity
thereafter.An equivalentproblemisto considertheplatefixedand
havethees impulsivelysetintomotionat constantvelocityparallel
totheplate.Thecaseof a gasimpulsivelysetintamotionismore
directlyanalagoustothe
be theoneused.

Equationsofmtion.
zeroandtheequationsof

Mmentum:

flowpasta semi-infiniteflatplateandwill

- As inreference
motionare

3, .a13x-derivativesare

-—— _— .——— —.
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Continuity: (6)

State: P=w (8)

wheretheoperatorD/Dt iS

(9]

Equation(6)imp~estheexd.stence

-_L=*
PO*

wherethesubscriptO designates

of a function~ suchthat

g a=-— (10)
po~

conditio~far fromthewall..Trans-
formationof theindependentvariablesfrom (t)y)to (t,~)is

. accomplished,asinreferences2 and3,by thefollowingrelations:

(:);( :)(%(:).
(n)

(:)t”:($t

D

()

a—=—Dt at~

Withthesetransfomnations,theequationsofmotionbecome

Momentum: au [01~puaux=‘0*P()% a

av Ah+&v
[)1

& pp a’
s=- P# 3 ‘w POPOa

(12)

(13)

(14)

(15]
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Theratio cJa isassumedconstantinequation
the (t,y}coordinatesystemitisnecessaryto
Stantt,

I
(17).To returnto \
ihtegrate,forcon- (

I

(18)

Sldnfrictionformnstant pV/po~ and ~. - A simplification
canbe introducedintoequations(14),(15),and(17]by considering
PIYPC)POconstant. Thisconditionimpliesthatpressurevariationsare .
negligible(whichis consistentwiththePrandtlboundary-layerassump-
tions]andthat w isproportionalto T,whichisnotstrictlycorrect
exceptforspecialcases.(Amoreaccurateexpressionfor Pl#P&o i$>
fromtheSutherlandequation,

&=(#2(2%? (19)

wherethepressureisassumedconstantand-S isa constantfora
givengasandequalsapproximately2160R forair.) However,by con-
sideringthecaseof constsnt!l+TandassumingpI.L/po~tobe constant
throughouttheflowfieldandequalto ~/poWo (soas tobe correct
intheficinityofthewall,whichis‘theregionof interest)values ‘
of compressibleboundary-layersktnfrictionareobtainedinreference4
whichagreewiththemoreaccuratenumericaltitegrationsof reference9
within5 percentforflightconditionsup toMachnumber5 andwithin
1 or 2 percentforsupersonicWinstunnel conditionsup to evenhigher
Machnumbers.Thesamesimplifyingassumptionswillbemadeinthe
presentanalysisj namely,

PIJ_ %$%—. .
POW()– P&o

(20)

~ c

andthegastemperatureatthewall.%T is constant.

._ —-—.— ——-.. . ————- . -
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Thesubstitutionof equation(20)intoequation(14]yields

.

au a%
—=cvo —at. *2

r

(21]

equationisindependentoftheenergyequation,anda closed-form
solutionforskinfrictioncanbeobtainedforzeroslipor fornonzero
slip

‘g
m

atthewall.‘

(a)ZeroslipatwalJ

Forthecaseof zeroslipatthewall,theboundaryconditionsaze

u= u’ for ‘t=o, l/f>o7
u= o t>o,~= “o

}
(22)

U+ l-r tzo,~+= J .
Equations(21)and(22)areformallyequivalenttotheproblemof
fintin$thetemperatureina semi-infinitesolid,originallyat constant
temperatureU,whena constmtsurfacetemperatureof zeroistipressed

! attime t = O. Thesolution(reference10)is

where erf( ) istheerror-function(tabulated,
ence11)andisdefinedby

(23]

forexample,inrefer-

Theshearstressatanypointintheflowfieldisthen

bQ&_pp ‘u‘c= exp(-~2/4Cvot)
a-Pea Po+qjz

.

(24)

(25)

At thewall,

‘w = U+iiw= . (26)

.

.—. —_ . . . —-
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(b)Nonzemslipatwall

.

Whenthereis slipat thewall,equation(21)hastheboundary
conditions(utiHzingeqwtion(2))

u= u for t=o, *>o

t’>o, y=o (27)

.

Na
k’

U+u lJr+a

Equations(21)and(27),aspointedoutinreference6,areequivalent
to theproblemof findingthetemperaturedistributionina semi-infinite
solidattemperatureU which,at t = O, startstransferringheatto
an adjacentmediumat zerotemperature.Thesolutionis (reference10)

!.= Po d-w

Thevelocityof slipis

Theshearstressis
.

At thewall,

(29)

(30)

(31)

Theseequations~ be discussedaftertheanalogywiththeflowpast
a flatplatehasbeenestablished.

,— .— ---- — -— .-— .-. .. —- .-.
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SkinlCrictiononFlatPlate

It’iswellknownthat,forthecaseof no slip,thevariationof
boundary-layerthiclmess,displacementthickness,shearstress,andso‘
forthwithtimeinRayleigh’sproblemissimilartothevariationof
theseparameterswithdistancealonga flatplate. (See,forexsmple,
reference12.) If inthesolutiontoRayleigh’sproblem(withoutslip)
thetransformationt = K@, where,K isa dimensionlessconstsnt,
isintroduced,itis@ssible,by properchoiceof K, tomatchsomeof
theseparameterssothattheyareidenticaltotheresultsobtainedfor
a flatplate(withoutslip].Sinceskinfrictionisthemajorconcern
herein,K canbe chosensothattheskinfrictionindicatedby equa-
tion(26)tillexactlymatch
inreference4,whichmaybe

~w =

Substitutingt = I@/U into

‘w =

Comparisonof equations(32)

.
K=

theflht-platecontimumsolution-obtained
written

0.332(#/2)@ (32)

eqpation(26)yields

‘r.-L-(&/Z} %+%-rKYc x

and(33)indicatesthat

1
YC(0.332}2

Theappropriatetransformationisthen

t = 2.888

= 2.888

x/u - (35)

(33)

(34)

Thistransformationmatches,fortheno-slipcase,theslinfriction
associatedwithRayleigh’sproblemtothe~ressionobtainedin
reference4. If substitutedintoequation(31),thetransformation
shouldgivea reasonableestimqteforski”nfrictionona flatplate
in slipflow,particularlyforsmallslipvelocities.

An alternativeapproach,whichyieldsthesameresultsbutwhich
avoidsa referencetoRayleigh’sproblem,istowritetheboundary-
layerequationsforslipflowpasta plateandintroducea“’bodified”
Oseentypelinearization,as discussedinreference5. ‘

Slipvelocityandlocal.skin-frictioncoefficients.- Substituting
equations(3)and(35)intot<heexpression’for”’.~“gives

. . . . -. .--— ----.--——— .. . . ..— —--— .— _____ _.r_ ___ ____ _ ___ ___ ..___...._ .
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wherethesuperscript* Ucates “thattheparameterisbasedon state
propertiedevaluatedatthewall~thatis,

W=QZ M?.1 .*=e# (37)
h %

Substitutingtheseparametersintoequations(29) and(31]givesthe
followingexpressionsforslipvelocityandwallehear:

.

.

N’com
N

( )1.356X* 2
& M*

(38)

(39)

Thelocalskin-frictioncoefficientmaybe expressedas

It isseenthat ~/fi ~ isthebasicparameterdefiningskin
friction.

Thenumeri~levaluationof equations(38)to (40)isdifficult
forverysmallorverylargevaluesof theparameter.Inthesecases,
itis convenientto expresstheerrorfunctionandtheexponentialin
seriesform.Forsmallvaluesof ~ (reference10),

Forlargervaluesof ~,theerror
asymptoticseries

functioncanbe expressedby the

.&+ +.- 1“3”5
2g2 (2C) )(2L2]3+ “““

..— . --— —. - ——— .——— .-—---—
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Thelocalskin-frictioncoefficientcanthenbe written:

mlG~’o.4, -
for

(41}

1’-,...

(42)

Equation(42)isofprimaryinterestbecauseitindicatesthevariation
of skinfrictionintheborderregionbetweencontinuumandslipflow.
Eq~,tions(38)and(40)wereevaluatedusingtheexpansionsindicated
inequations(41)and(42)andareplottedinfigures1 and2 for
Y= 1.40.

Inthelimiti~caseof free-moleculeflow, ml+ @* 0>equa-tions(38)and(41)become

%1—=
u (43)

(44}

Equation(44)yteldstwicetheresultindicatedby kinetictheory.
(reference13). It shouldbe recalledthatcontinu equatio~of
wtion havebeenusedandthatequation(2),whichwasderivedonthe
basisthatthemolec~ meanfreepathis small(butnot?egligible)
comparedwiththeboundary-layerthickness,is clearlyinapplicablein
thefree-molecularflowandintermediateflowregimes.Equation(2),
whichrelatesshearstresstothelocalslipvelocity,istoolargeby

—.. ...—___ .. . - —_. .. ..——. . _____ ____ —— _ —— —--- -— ..-. — —— -. — . .
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a factorof 2 inthe
references8 and13.
butyieldstwicethe

Inthelimiting
tion(42)becomes

NACATN 2609 .

free-moleculeregime,as c~ be seenby comparing
Forthisreason,eqyation(44)hastheproperform

.

correctresult.

caseof continuumflow,~*/fi M%+ “, equa-

(45) w’
U3to
CQ

which,becauseofthematchingprocedure,is inexactagre~entwith
reference4. Eqution(45)ageeswitheqwtion(40]towithin1 percent

T
for ~/ y @ >5.2 andwithin5 percentfor w/+ ~ ‘ 2“4”
Equation(42 thusindicatesthattheeffectof slipfirstappearsfrom
a termprcprtionaltothesquareoftheparameter~ @/Re*.

Equation(40)isplottedinfigure2 for Y = 1.40.Thefourflow
regimes,basedonthecriteriamentionedintheIntroduction,arealso
shown.Fora semi-infiniteflatplateina rarefiedgasstream,itis
seenthattheflowstartsasa “free-molecule”typeflowandultimately
developsintoa “continuum”typeflow~theindicatedestimateforthe

..

extentofthecontinuumregimeis consemtiveinregardto localskLn
friction.Equation(40)indicatesthatcontirnmmtheoryforlocal’skin
frictionisapplicablefor @/M*>5. Theplotof equation(4o)
isdashedfor ~/l@C 2 sinceit isof questionablevaliditybeyond
theborderregimebetweencontinuumandslipflow. Sinceequation(40)
asymptotestotwicethecorrect~ue forfree-~lec~eflow,itappears
thatthisequationunderestimatesthereduction(inskimfriction)
associatedwithslip.Infact,itmaybe argued,froma kLnetictheory
tiewpoint,thatthelocalskinfrictionmustbe a mbnotonicdecreasing
functionof @*/M*, startingwiththefree-moleculeflow-value.
Accordingtokinetictheory,localsldnfrictionisproportionalto
theaxialmomentum(parallelto,thewall)ofthemoleculesstrikinga
unitareaofthewallperunittime(see,forexample,reference8).
As thefluid?mnesdownstream,themoleculesinthevicinityof the
wallhavelessandlessaxialmomentumduetopreviouscollisionswith
thewallandthusbringsuccessivelylessandlessmomentumtothewall
atthedownstreamstations.Barringan instabilityintheflow(suchas
thetransitiontoturbulentflowinthecontinuumregime, thelocal ‘
skinfrictionmustthendecreasemonotonicallywith h Re /M*. On the
basisofthisreasoning,equation(40)isdefinitelyinvalidfor
@/M* lessthemapproximatelyO.7. An interpolationfunctioncan
be devisedwhichwilldecreasemonotonicallyfromthefree-molecule
valueandfairintoequation(40)inthevicinityof thecontinuum-slip
flowborderregime.Forpple, if equation(40)ismultipliedby

L -1

.,

“
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theres~tingexpressionforlocalsldnfrictionwilldecreasemonoton-
fCa~ywith ~/~M* ~d~~llhave thepropere~~fnts. However,
insufficientinformationisavailable,concerningsldnfrictioninthe .
intermediateregime,to justifya particularchoicefortheinterpolation.
function.

Integrateddrag.- Thedragcoefficientfortheplateiswritten

f
%=; Cpx (47)

o“

Sinceequation(40)-overestimatestheskinfrictioninthefree-molecule
andintermediateflowregimesitsusein equation(47)willresultinan
overestimateoftheflat-platedragcoefficient.Sucha procedurewill
providesomeusefulinformation,however,andwillthereforehe presented.
Followingthisintegration,an estimateof theupperlimitfortheflat-
platedragcoefficientwillbe indicated.

If equation(40)is substitutedintoequation(47)theresulting
expressionfordragcoefficientmaybe written

where

In

(49)

i-

(50]

--- ..—. —. —.- ..— .._ -_. ._____ —— -–—. — —.= .—. —— . .... .- ..—_________ . .._ _—_.. .
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Equation(48)isplottedasa dashedcurveinfi~e.3.

Itwaspreviouslyarguedthatthelocalskinfrictionmustdecrease
monotonicallyfromthefree-moleculeflowvalue.Therefore,equation(40)
tendstooverestimatethelocalskinfrictionupstreamof itsregionof

If itisassumedthatthefree-moleculeflowvalue
%J&; $Z_ J?2 x ap liesfor@*/fil&~ 0.55 andthatequation(40)

R~/ y @> 0.55,thenthisdistributionof sldnfriction
should,atallNints,equalor exceedthecorrectlocalvalues.(Note
thatat -@/fil@= 0.55 equation(40)yieldsthefree-moleculeflow
valueforskinfriction.)Thenintegratingthisdistributionof skin
frictionshouldyieldanupperlimitfortheover-alldragof a flat
plate.Inte@ationyields(for ~~~fiM*> 0.55) -

Equation(51)is ~lottedinfigure3 andis consideredto defineanupper
limitforflat-platedragcoefficient.Equations(48) and(51]agree
within1 percentfor ~~*/fi M%> 5, indicatingthatforthesevalues
oftheparameterthefree-moleculeandintermediateflowregimesare
confinedtoa relativelysmallregionC1Osetotheleadingedge,anda
morecorrecteskhnateofthelocalskinfrictionintheseregimesmay
be unnecessarywhenestimatingover-alldrag. Continuumtheoryagrees
withbothequations.(48)and(51]towithin1 percentfor
~~fi M? >65 andtowithin5 percentfor ~/~@> 13.

Surfacetemperature.- IntheIreviousdevelopmentsthegastempera-
tureatthewallhasbeenassumedconstant.However,forzeroheat
transfer,thegastemperatureatthesurfaceof a platein slipflow
variesfromthefree-streamvalueattheleadingedgetothecontinuum
valueforrecoverytemperatureat downstream~ints. Inorderto
evaluatesld.nfrictionfromthepreviousequations}itisnecessaryto
baseequation(20)onanappropriateaveragenlue of ~T,aswasdone
inreference4. An app?mdmatemethodforestimatingthevariationof
Tw alonga platewithzeroheattransferisindicatedinappendixB.

Themethodof

SUGGESTIONSFORADDITIONALSJ!UDY

solutionusedhereinisattractivebecauseof its
relativesimplicity.However,severalaspectsof thedevelopment
requireadditionalstudy.Useof continuumequations,forexample,
meansthattermsoforder (R/~) 2 areneglectedintheequations
ofmotion(reference1). But,equation(42)indicatesthatthecor-
rectionto continuumtheory,intheborderregionbetweencontinuum

.

.,

.,

.—— — —
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andslipflow,isof theorder (~*/@X) 2. Thusthecorrectionisof
thesameorderasthetermsneglecte?inthedifferentialequation.
Theuseof continuumequationswithslipboundaryconilltions,for
estimatingskin-frictioncoefficientsh theSUP flowre~ey iS
justifiableiftheeffectof slipisintroducedprimarilyt~ugh the
boundaryconditionsratherthanthroughthedifferentialequations.
Theregionof vali~tyofthisapproachcan’beestablishedbysolving
Rayleigh’sproblemusingequ.atiomofmotionwma ticiude the U4=
ordertermsneglectedhereinandcomparingthesolutionwiththe
resultsobtainedby the’presentanalysis.Moreover,thetransform-
ationfromRayleigh’sproblemto a flatplate,altkgh exactin
regardto sldnfrictioninthecontinuumregime,maybe only
approximatefortheslipflowregime.An evaluationofthis “
effectcanbe obtainedby solvingdirectlyforsldnfrictionon a flat
plate,usingcontinuumequationswithslipboundaryconditions,and
comparingthesolutionwiththeresultsofthepresentreprt. Finally,
moreaccuratesolutionsforlocalskinfrictionintheintermediate
regimewouldbe of interest.

CONCLUDINGREMARKS

A solutiontoRayleigh’sproblemfora compressiblefluid,with
slipboundaryconditions,hasbeenobtainedandrelatedto theflow
pasta semi-infiniteflatplate.Theresultshavebeeninterpreted
to definetheborderre@onbetweencontinuumandslipflowandto
estimatetheeffectof slip.

LewisFlightPropulsionLaboratory
NationalAdvisoryCommitteeforAeronautics

ClevelandjOhiojSeptember13,1951

. .
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a

c =

CD

Cf

CP

erf(x)=

APPENDIXA

SYMEOLS

speedof sound

o#w/P&o

1flat-plate&ag coefficient,drag’+PU2L

localsh frictioncoefficient,%P~PU2
specificheatat const~tpressure

~~exP(-r2)ti
.@qJo

erfc(x)= 1 - erf(x]

J mechanicalequivalentofheat

K

k

L

z

M

P

q

R

Re

s

T

constantrelatingtiyleigh’ssolutionto flow~st plate

thermalconductivity

lengthofplate

molecularmeanfreepath
o

Machnmiberoffreestresm

staticpressure

dynamicpressure,~ P$

gasconstant

Reynoldsnumber,poUX/~

constantinSutherlmdformula

gastemperature

t time
.

u velocity

u velocity

in free stream

paralleltox-axis

— .—— —— — —— —.
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-v velocityparallelto-y-sxis

X)y‘} coordinatek3yi3tems
x,~

T ratioof specificheats

17

thickness

P density

a dPrandtlnumber,PC k

T shearstress

Subscripts:

w wallvalue

L basedon lengthofplate

o free-stresmvalue

Superscript:

* statepropertiesof gasevaluatedatwall

.,
.,

.
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.

EVAIUAI’IONOF

In thecon~inuumregime,
ences4 and14)

where u = 0.72 forair.
ture,inthecaseof slip,

%—=1+
%

Thisexpressionis correct

APPENDIXB

~FOR2WROHEATTRANm

thewalltemperatureis givenby (refer-

(Bl)

A reasonableapproximationforwald.tempera-
mightbe

Y
[1&M2(a)1/2 1- (%)2 (B2)

in thelimitingcases~ = U and ~= O
andthedependencyof Tw/TO onthesqmreof ~fi wouldseemcorrect
fromenergyconsiderations.Intheborderregionbetweericontinuumand
slipflow,~/U is small(fig.l)J(u#J)2 isthennegligiblein
equation(B2)andequation(Bl}applies.

.

Theprocedureforestimatingthevariationof ~ alonganinsulated ,
plde wouldthenbe asfold.ows:Thewalltemperatureis firstassumed
constantatthevalueindicatedbyequation(Bl).Thecorresponding
variationof ~/U alongtheplatecanthenbe foundfromfigure1.
Thesevaluesfor #U canthenbesubstitutedintoequation(B2)to
yieldtheestimateof thelocal~.
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Figure 1. - Variation of slip veloclty along flat plate. -y, 1.40.
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